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This paper describes a method of obtaining an analytic approximation for the initial adjoint
vector on minimum-propellant space trajectories. The adjoint vector is obtained from a
series expansion about the optimal impulsive trajectory, satisfying the desired boundary con-
ditions, which are assumed known. First- and second-order corrections to the impulsive ad-
joint vector are calculated by solving a system of linear algebraic equations requiring
very little computing time. Using the resulting corrections to the adjoint vector results in
greatly reduced convergence time for fixed-thrust trajectories. The method also provides an
analytic estimate of total burn time which can be used for mission performance computation.
Nomenclature are highly sensitive to errors in the initial adjoint variables,
. this technique is greatly enhanced by accurate guesses. In-
@ = upper bound on thrust-acceleration accurate guesses lead to excessive computing time and/or di-
a; = thrust-acceleration vergence of the iteration process.
g = gravﬁatlonal' accelera(:,lon ) In this pa thod is developed for enerating ~
G = gravity-gradient matrix (symmetrie) baper, a method 15 developed 1or generating more ac
h = inverse of p curate estimates of the initial adjoint vector. This method is
I = identity matrix based on the idea that the impulsive trajectory represents the
p = magnitude of the primer vector limit of the fixed-thrust case as the thrust level is increased to
r = position vector infinity. The optimal control laws for the impulsive case
t = time were first derived by Lawden! using such a limiting argument.
ty = final time The sense in which the limit is approached was made mathe-
tv = time of an impulse matically precise by Neustadt.? Pines?® first suggested using
Ay = shift in the centroid of & burn the impulsive adjoint vector as an initial guess and this idea
w = control (6-vector) ) : )
v = velocity vector was suceessfully implemented by H'andelgman.
AV = impulse velocity The method developed here carries this approach one step
x = state (B-vector) further. Instead of just using the impulsive adjoint vector as
¢ = adjoint (6-vector) first guess for the finite-thrust adjoint vector, a solution for the
A = primer vector finite-thrust adjoint is sought in the form of a series in 1/a,
¢ = state transition matrix where ¢ is the maximum thrust-acceleration. The ‘“zeroth”
s = burn time for the kth burn order terms in this expansion are the impulsive adjoint.

Introduction

HE application of optimal control theory to the problem of

fuel optimal space trajectories inevitably results in a two-
point, nonlinear boundary-value problem. Such problems
can be solved, in general, only by an iterative technique. The
most common of these techniques, the “shooting method,”
requires that the unknown initial conditions (adjoint vari-
ables) be guessed and the equations of motion integrated for-
ward. Differential corrections are then applied until the final
boundary conditions are satisfied. Since the final conditions
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Clearly, this technique is most aceurate for high thrust levels
since the expansion is about the impulsive case. However,
limited numerical experience to date has indicated that the
approximation works well into the range of thrust levels ap-
propriate to electric propulsion.

The analysis which follows assumes a constant thrust-ac-
celeration. This assumption is made mainly to simplify the
presentation. The case of constant thrust requires expansion
in two independent variables (e.g. initial thrust-acceleration
and exhaust velocity) and will be presented in a subsequent
paper. In the following analysis, it is assumed that the opti-
mal impulsive frajectory and its adjoint are known; calcula~
tion of such trajectories is rapid using modern techniques.

Equations of Motion and Necessary Conditions
The equations of spacecraft motion can be written
&= f@ +u (1)

where the 6-vectors
0

() =) 7= (o)

are conveniently partitioned into 3-vectors as shown: r de-
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notes position, v denotes velocity, a, denotes thrust-accelera-
tion, and ¢ denotes gravitational-acceleration. For present
purposes, g will be taken to represent an inverse square field,
although this is by no means necessary.

The adjoint equations corresponding to Eq. (1) can be writ-
ten

Y= —Fry 2
where F = 3f/0z. This 6 X 6 matrix is partitioned into 3 X

3 blocks
0 I
r= (@ o)

where G is the “‘gravity gradient” matrix dg/0r. Similarly,
it is also convenient to partition ¢ into two 3-vectors

—A
v=(3)
where A, the adjoint vector associated with velocity, is known
as the “primer vector.’’!

In this paper we consider the case of bounded thrust-acceler-
ation, 0 <-la;| < a, with fixed initial and final conditions, z(0)
= o and z(t;) = 2, and given flight time #;. The fuel opti-
mum control a.(f) is that control which transfers the system
defined by Eq. (1) from z, to 2, in the prescribed time ¢; and

e t . .
minimizes J = fo la]dt; J is known as the “characteristic

velocity’ and is a direct measure of propellant consumption.
Necessary conditions which must hold on the optimal tra-
jectory are stated in terms of the primer vector!

= al hen >1
27 a /20 w P (3)

¢, =0 when p <1

where p = |\, the magnitude of the primer vector. Egs. (3)
express the well-known result that (excluding the special case
of singular ares) the optimal control alternates between pe-
riods of maximum thrust (when p > 1) and no thrust (when p <
1) and the optimum thrust direction is always aligned with the
primer vector. The quantity p — 1 is called the ‘“‘switching
function.” Figure 1 shows a plot of p vs ¢, together with the
corresponding optimal thrust level. During thrusting periods
Eq. (3) can also be written

0 0
ap 3= (g 7) w

_a
()

where M is a 6 X 6 matrix.

In the case where the upper bound on thrust acceleration
becomes infinite (¢ — =), the optimal control becomes a se-
quence of velocity impulses

lim a,(f) = D> AVis(t — &) (5)
k

a—>©

u(t) =

where 8 indicates the Dirac delta and ¢ is the kth “impulse
point.”’

Necessary conditions for an optimal impulsive trajectory
can also be stated in terms of the primer vector®: at impulse
points p = 1 and the impulse is applied in the direction of A;
at all other points p < 1. Therefore Eq. (5) can be written

Lim a.() = D> AVihd( — 1) (6)

a—> k

These conditions are analogous to the finite-thrust case.

Expansion about the Impulsive Trajectory

The analysis which follows is based upon the assumption
that an optimal impulsive trajectory is the limit of a sequence
of optimal finite-thrust trajectories asa@ — .

Once the initial and final conditions (2o and z;) and the flight
time (#;) are prescribed, it is assumed that the optimal impul-
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Fg.1 Optimum finite-thrust primer and thrust history.

sive trajectory satisfying those conditions is known.? One ap-
proach for calculating multi-impulse optimal trajectories is
outlined in Ref. 5; using the program based on these tech-
niques® calculation of such trajectories requires about 5 sec of
IBM 360/65 computer time.

In the following analysis, the state and adjoint vectors on
the optimal impulsive trajectory are denoted by 2@ and y©@,
respectively. It is now desired to determine the optimal
finite-thrust trajectory satisfying the same boundary condi-
tions. We assume that the state and adjoint vectors for the
finite-thrust case can be expanded about the impulsive case as
series in 1/a, as follows:

z =20 4 z0/g 4 3@ /g2

Y= YO L Y0 /g 4 J@ /g2

Using the differential Eqgs. (1) and (2), recursion relationships
are sought in order to calculate the higher order corrections.
Most of the difficulty arises from the additional requirement
that the optimality conditions (3) be satisfied to each order.
For this reason, it is also necessary to expand the thrust inter-
vals on the finite-thrust trajectory as series in 1/a, as follows:

5 = 10 /a+ 7®/a + 1@ /a3 - . (8)

@

where 7 is the length of the kth thrust interval. Nore that as
a — o, 1, = 0. Subsequent analysis shows that 7,V =
AV, the kth velocity impulse. Therefore, as ¢ — o, we have
AT —> AVk

Define Az = 2 — 2@, Ay = ¢ — @ and Au = u — u©,
Proceeding formally, the differential equations satisfied by
these differences are (including terms up to second order)

A = FAz + Au+ g+ ..., Ay = —FTAY (9)
where
g = (1/a)AxT(Q¥/0x%) Az = FArT(02/0r?) Ar
It can be shown that Ar is always of order 1/a, and therefore ¢

is of order 1/a27
The solution to the first of Egs. (9) is

M) = [ oepiu® +a®uE  0)

where Az (0) = 0, since both impulsive and finite-thrust tra-
jectories satisfy the same initial conditions. @ is the state
transition matrix evaluated along the impulsive trajectory,
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Fig. 2 Geometry of an initial burn.

®(t,£) = 0x(t)/dx(£) expressing the adjoint solution in terms
of &,

Ay() = 27(§HAY(H) (11)

The difficulty in truncating the series (7) is in the evaluation
of Au. Since u@ is a series of impulses, Au can never be
“small;”” however, from Eq. (10) it is seen that Awu appears
under the integral; the integral of Au is indeed small for all a.

Evaluating Eq. (10) at ¢ = ¢, and imposing the condition
that both finite-thrust and impulsive trajectories satisfy the
same final conditions, namely Ax(t;) = 0,

[ 2,pmE — w0 @ + oW =0 12

Consider the first two terms under the integral during the kth
thrust period 7x. From Eqgs. (4) and (6)

w(§) = la/p()) MY () (13)
u®(§) = AV.MY©OE)s(¢ — t) (14)

Before proceeding it is necessary to expand ®. A property of
the transition matrix is

®(7,8) = Prte) P, ) (13)

Assuming 7 is small (which is true as ¢ — «), then (¢ — ) is
small and ®(#,§) can be expanded in a Taylor series as fol-
lows:

tig) =1 — (E—twF + [(E— /2R + ... (16)

Similarly Eq. (7) implies that the primer magnitude can be ex-
panded as follows:

PO = PO + p/a+ p®/at + ... (a7

We denote the term 1/p which appears in Eq. (13) by h.
Then, as shown in Appendix A, it is possible to expand 2(£) as
follows:

h(E) = b + haE — t) + Ral(E — w)?%/21 + ... (18)

where h, h, and i are series in 1/a and are functions of p,™®
(the primer magnitude evaluated at the kth impulse point).
These series are contained in Appendix A.

Using Eqs. (11-18), and integrating over the kth thrust pe-
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Fig. 3 Geometry of an internal burn.
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riod, leads to the following results:
ka D, Hu®(0)dE = AViR(ly,t) M PT(r t) Y@ (19)

Also,

[ 2tpudd = o [ no@eouere,niey, -
Sy, ) [ @7 (bryte) ¥y (20)
where I denotes the symmetric matrix
Ii=a f My + (Ml = N)(E — ) +
L(Mhy — Nhi + Qhi) (£ — to)2)dE  (21)

v-(a) o= %)

In the above equations ¥;@ and ¥, denote the final values of
the adjoint vector for the impulsive and finite-thrust cases,
respectively.

Before we can evaluate I3, it is necessary to determine the
limits of integration. This is done in the next section.

and

Switch Point Analysis

The limits of integration for I; are the switch times &~
and . These are evaluated by enforcing Eq. (3) through
each order in 1/a. (An alternative way of deriving the same
conditions is to require that the Hamiltonian is constant
through each order.) One condition is derived at each switch
point for each order. Because of the substantial differences
in the behavior of the primer on terminal and on interior burns,
these cases are treated separately.

1t has proved convenient to use the burn duration 7. = ™+
— t,~ and the centroid ¢, = 3(ft -+ t7) of the thrust inter-
val as parameters instead of ¢t~ and {,*. The behavior of the
primer magnitude for a terminal burn is shown in Fig. 2.
For the impulsive case, obviously ¢ = &. For finite thrust,
however, i, deviates from ¢; the deviation is denoted by
Aty = tg, — G Since Al — 0 a8 @ — o, it seems reasonable
to expand Aty in the form

Aty = ALV /a + AL /a? + ... (22)

For a terminal burn, the centroid is displaced exactly half the
duration (since # is at one end). Comparing Eq. (22) to Eq.
(8) gives for the initial and final burns

AH®D = Ir® At = —17,@

Since the At are directly related to 7@ for terminal thrusts,
only one variable remains to be determined at each order, cor-
responding to the one interior switch point.

The first-order corrections 74P are determined by the rela-
tion 7+ = AV Second-order corrections 74? are deter-
mined from the condition that p(t) equal 1 to first order.

Terminal burns: p(f) is expanded in a series in 1/a and in
Taylor series in time for the initial and final burns. The de-
velopment, shown in Appendix B, yields to order 1/a as
follows:

initial burn  p® = ~p, @7 ®

—h @AV,

23
+p,O7, D = pOAV, @3)

final burn  p;® =
and to order 1/a?
2@ = —[OAV, 2= pO7® + pO(AVE/2)] (24)

In Eq. (24) the () applies for the initial and the (—) for the
final burn. Egs. (23) represent two conditions on p® (or,
equivalently, on ¢) and Eq. (24) represents two conditions
on p@ (or Y@). The equations are linear in ¢ and ¢@,
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respectively (see Appendix A). Note that p, and p;© are
both positive.

Interior burns: A typical plot of p vs { near an interior burn
is shown in Fig. 3. At interior burns ;@ = 0 and @ = 1.
As in the case of terminal burns, we must have p(t:*) = 1 and
p(ty™) = 1. To order 1/a, the condition corresponding to
Eq. (23) at interior burns becomes

p® = 0 (25)

For order 1/a2, Eq. (24) holds also at interior burns, with p;©
= 0.

The switch points &% and ¢~ are solutions of the equation
p(®) = 1, expanded to the appropriate order. This equation
enables us to solve for ¢, and A as well. The analysis in Ref.
7 shows that the centroid movement is given by

A0 = —p /5O (26)
and
Ap® = —[BPALD + FpO(ALD + 7,0) +
@)/ (/@) (27)

Using this information, it is now possible to determine the
limits of integration which are used for evaluating the integral
I+, Eq. (21), as follows:

(£ — tw_* = 7 = (AVi/a) + (rs®/a?) +
(r®/a%) + ... (28)

%‘(E - tk)2_+ = Atka = (1/(12)Atk(1)7'1¢(1) +
(1/6%) (AP 1,0 + AROT®) 4 ... (29)
FE — 0t = (1/a)(mPAOT + 0%+ (30)

In deriving these limits, it has been necessary to impose # con-
ditions on the higher order terms of the adjoint vector (where n
is the number of burns). For example, for order 1/a, Eq.
(23) represents a condition at both initial and final times, and
Eqgs. (25) must be applied at each interior burn. These are n
linear equations in ¥,; the 7, will be used to satisfy these
equations. Similarly, for order 1/a?, Eq. (24) represent n
linear equations in ¥;®; the 7, are determined by these
conditions.

Evaluation of I,

The integral in Eq. (12) must be evaluated over the entire
trajectory. However, u and u® are nonzero only during the
thrust intervals 74. Therefore Eq. (12) can be written

> [ ewvu@i - T [ awpuo@ds+q-0
A T k Tk
(3D

where

i= [ 2wpawa (32)

As discussed previously, ¢ is of order 1/a%  Its evaluation will
be discussed in the section on the second-order solution.
Using Fgs. (19) and (20), Eq. (31) can be written in the form

Wiy — W@ +q=0 (33)
where we define
W = 3 &t B (t,t) 34)
%
and
W’ =3, Bt ) MOT(r,t) AV (35)
%

THE ADJOINT VECTOR FOR OPTIMUM SPACE TRAJECTORIES 1203

Evaluating the integral I, Eq. (21), using Eqs. (28-30)
yields

I = L9 + (/o) + (1/a) ;@ + ... (36)
where
1,0 = Mz, o
LY = M@ 4+ 1O 4 (M©® + N)AtO7,0)
L@ = M(r® + 1@l + 7,0 ®) 4
(MA@ — NY(ALP7D 4+ A0, ®) 4
(MR — NhOYAL D70 4
FMi® — Ni© + Q) re® AtV + (1,05/12)]
where the A® are defined in Appendix A. Define

W = 3 Bt ) 1D DTty 1) (37)
k

Then
W=WO® 4+ (1/a)W® 4+ (1/a®D)W® 4 . (38)
Substituting Eqs. (7) and (38) into Eq. (33) and matching
terms of the same order gives
1/a% WO — Wg® = 0 (39)
a: WO x WO L0 =0 (40)
a2 WOO 4 WO 4 Fog,o = —g  (41)

Eq. (39) is satisfied by taking 7, = AV,, thus making W®©
= W’'; Eqgs. (40) and (41) are to be solved for ;@ and y;®,
respectively. The “forcing term” on the right-hand-side of
Fq. (41) is known once Eq. (40) is solved. This procedure
can, in principle, be carried out to any order, although the
foreing terms become algebraically intractable for higher order
than second.

First-Order Solution

The equation which determines the first-order correction
Y is
WO 4 WOLM = ( (42)

This cannot be solved by simply inverting W©® since W® de-
pends on ¥, and on 7, (which as yet are unknown). The
product W ;@ can be written

W(1)¢f(o> = A(l)‘//f(l) + B(1)¢f(0) -+ C(l)‘pf(()) (43)

where
n—1
AD = — AV, eresT
K—2 Dr®
B® = —Z AL AV, D (M p @ — N)&,T
k=1mn
CO = Z TP DM By,
¥
and

€ = @kNlﬁk‘O) and &, = q)(tf,tk)

Note that the summation in A® is only over interior thrusts
and the summation in B® is only over terminal thrusts.
The formal solution to Eq. (42) is then

YO = —[WO + AOJHBO 4 OOy, (44)

By its definition [see Eq. (37)] W® is a positive semi-definite
symmetric matrix; it can be shown’ that it must be nonsingu-
lar (i.e., positive definite) if the optimal control is unique.
AWM is also positive semidefinite (note: p@ < 0O at interior
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Table 1 Test case I: second order

Boundary
conditions 1 73 73 v Ve V3
Initial 1.00000 0.00000 0.0 0.00000 1.000000 0.0
Final —1.06066 1.06066 0.0 —0.57735 —0.57735 0.0
Impulsive adjoint N A As M A A
Initial 0.68563 0.72795 0.0 —1.01023 —0.53969 0.0
Final —0.15900 —0.98727 0.0 0.09224 —0.68069 0.0
Impulsive AV Trip time
AV: = 0.1271156 t; = 3.3028
AV, = 0.1087456
First-order terms Second-order terms
7®» = 0.00854 : n® = 0.00102
¥ = 0.00411 7 = 0.00036
0.1326 0.0278
0.0937 0.0118
0.0 0.0
¥ =1 0.1289 u® =1 0.0180
0. 0682J 0.0205
0.0 0.0
impulses). Therefore, (W® 4 A)~1 exists if the optimal im- where
pulsive control is unique. B
The one complication in the solution (44) is that C is not b = —UT(W® + AD)BOY O

yet known, since it depends upon 74?. Thisis resolved in the
following manner. The third term in Eq. (43) can be written
CWyY© = Ue® where U = [®:M | @M sl. . .| M ;] and
¢@® = col(m,®@. . .7,P). In addition, we can define the vector

is a known vector.

In Ref. 8 Potter and Stern show that the columns of U are
linearly independent if the optimal trajectory has the mini-
mum number of impulses. Assuming this to be the case, the

p® matrix on the left-hand-side of Eq. (45) is invertible and
: : n = (T © WY=1I7]—1BD — [
LD = . — ¢IC(O)TJW1PIC(D - UT%r(D c [U (W + A ) U] (b l ) (46)
. . Therefore, the 7:(® are determined from Eq. (46) and then ¢,
Py is determined from Eq. (44). The above criteria on the in-

From the conditions imposed in the switch point analysis, Eqs.
(23) and (25), £ is known.
Multiplying Eq. (44) by U7 and rearranging

UT(I/V(O) + A(l))—lUc(l) = b(l) _ l(l) (45)
Second-Order Solution
The equations to be solved for the second-order terms ¥,
4 ACTUAL are
SECOND
ORDER WO, 4 WDy, 4 W@yY,® = —g 47)
2l The same complications arise as in the first order case; W®
| is a (linear) function of ¥;® and 7,®. Again W® @ can be
Y written
@Y,O = 4@,® (2o, © @,
1ok WDy, A®Y 4 BOY,O + (Do (48)
where
A® = A®
o8t .
B = 3 & [M(n®PmDV) + (ME© — N)(ALP70 +
_____ IMPULSIVE k _
06 T_____T _____ 1 Atka)Tk(?)) + (Mh}c(l) - Nhk“)Atk“)Tk“)) -+
o I 2 3 . .
0.8 _',nu, %(th(o) - Nhk(o) + Qk)Tk(l)Atk(1)~ + (Tk(‘>3/12)]<1>kT
. ACTUAL— 2 GRbER CD = 3 1, M P,7
3 0.6 SECOND =
o ~ - ORDER
§ 04l ///’\ % Proceeding as before, the formal solution to Eq. (47) is
éo.z_ /’// Y@ = —(WO 4 AW)~1f (49)
® o | | 1 where
° Plaw 2 3 £ = (BO 4+ CO)0 + WOPO 4+ g
Fig. 4 Results for case I, Earth-Mars transfer, 192 days. Again it is possible to write C@Y,® = Uc® where now

vertibility of the matrices [W® 4 A®] and [UT(W© +
AMY=1J] are sufficient, conditions for an impulsive trajectory
to be a limit case of a family of finite-thrust trajectories satisfy-
ing the same boundary conditions.”



OCTOBER 1970

Table 2 Test case 11:

THE ADJOINT VECTOR FOR OPTIMUM SPACE TRAJECTORIES 1205

second order

Boundary
conditions I 72 3 0 0 3
Initial 1.00000 0.00000 .0 0.00000 1.00000 0.0
Final —3.5355 3.5355 0 —0.31623 —0.31623 0.0
TImpulsive adjoint A A2 M A A3
Initial 0.7437 0.6685 .0 —0.8027 —0.4047 0.0
Final —0.2086 —0.9780 0 —0.0289 —0.1357 0.0
Impulsive AV Trip time
AV, = 0.39289 ty = 12.0000
AV, = 0.2302
First-order terms Second-order terms
n® = 0.0649 n® = 0.0149
7 = 0.0057 % = 0.0012
0.2426 0.1098
0.1833 0.0228
0.0 0.0
¥ =1 03132 ¥ =10 0622
0.1614 0.1235
0.0 0.0
€@ = col(ri®. . .7;®). The vector I = UTY;? is known The trajectory data are summarized in Tables 1, 2, and 3.1 In

from switch point analysis, combining Eq. (24) with the ex-
pression for p@® from Appendix A. Therefore, multiplying
Eq. (49) by UT and solving for ¢®,

¢®@ = [CT(WO 4 AM)=17]-1(p® — @) (50)
‘where
b = UT(WO 4 AD)"L(B®yY,® 4 WDy m + g

As in the first order case Eq. (50) is solved for 7, and then
Eq. (49) for ¢;®.

As yet, we have not discussed the evaluation of g. This is
done in Appendix C. For an inverse square field, g can be
-evaluated analytically without integration.

For cases in which the impulses are small so that the result-
ing trajectory does not deviate greatly from a coast arc, the g
term becomes negligible. This is the second-order linear case
and our limited numerical experience indicates that results
which are sufficiently accurate for mission analysis can be ob-
tained while ignoring g. The effort required to program the
-evaluation of 7 is, therefore, probably not justified, in general
(although once programmed, execution time is negligible).

Convergence Properties

"The solution developed here is in the form of a series in 1/a.
Each of the resulting terms of the expansion is, however, a
function of AVy In particular, W® = Q(AVi+) 70 =
O(AV?) and ¢ = O(AV?Y). An analysis of the terms appear-
ing in the series indicates that the parameter AV/a (which is
:also the ratio of burn time to the characteristic time of the
problem) determines the rate of convergence. We can expect,
therefore, that this solution will be valid for trajectories whose
thrust periods are short compared to the total trip time.
Numerical experience thus far indicates that this often in-
.cludes thrust levels appropriate to the electric propulsion
-category.

It can also be shown that ¢ = O(AV%). Thus, if AV is
“small,”’ which is generally the case, g is negligible and the lin-
.ear form of the second-order solution is valid.

Numerical Results

The method developed in this paper was applied to three
representative coplanar heliocentric space trajectories: 1)
a 192-day Earth-Mars rendezvous, 2) a 698-day Earth-Jupi-
ter rendezvous, and 3) a 259-day Earth-Mars rendezvous.

Figs. 4-6 the trajectory data are plotted versus 1/a. The top
half of each figure shows a plot of one component of the primer
vector vs 1/a. Other components behave similarly. The
unit of acceleration for this plot is AU/TAU? or about 0.006
m/sec.2  For the impulsive case (1/a = 0), the actual and
computed values are the same. The first-order correction is a
straight line, with the correct slope from this point. The sec-
ond-order correction is a parabola, with the correct both slope
and curvature at 1/a = 0. The estimate which would be
used in the impulsive iterative method is indicated in the fig-
ures by a dashed line. Note that the analytic method gives
results within 59, for acceleration levels as low as 0.003

1.4
ACTUAL SECOND ORDER
FIRST ORDER
12
N
1.0 |-
0.8}
IMPULSIVE
A Ui A
0.61— 1 1 ]
0 T 3
Q
20 ACTUAL Z SECOND
3 7, ~~ AV
2 s T
W /e
2 0 /S FIRST
= i ORDER
rd
g -
-
<
I | |
%5 I 2 3

Fig. 5 Results for case lI, Earth-Jupiter transfer, 697.6
days. .

1 A normalized unit system is used for computational efficiency.

The unit of distance is the astronomical unit (AU), the unit of

velocity is Earth’s mean orbital speed (EMOS), and the unit of

time (TAU) is the time for Earth to go one radian (about 60

days).
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Table 3 Test case I11:

J. SPACECRAFT

three-burn trajectory

Boundary
conditions ™ T2 o v2 v
Initial 1.00000 0.00000 0.0 0.00000 1.00000 0.0
Final —1.1769 ~0.9676 0.0 0.5145 -0.6258 0.0
Position of 0.3939 0.8900 0.0 (—0.9435) 0.4008 0.0
midcourse (before the impulse)
burn
Impulsive adjoint M A2 M Ao As
Initial 0.9959 ~0.0903 0.0 0.6781 0.7164 0.0
Mideourse —0.9793 0.2024 0.0 —0.0768 —0.3715 0.0
Final 0.9929 0.1188 0.0 0.8974 0.3946 0.0
Impulsive AV: Trip time
AV[ - 00269 tf = 44531
AV, = 0.1100 (& = 1.1235)
AVy; = 0.1610
First-order terms
n® = 0.0100 —0.0237
®®» = —0.0019 —0.0045
® = 0.0043 Y = 0.0
ALY = —0.0625 —0.0231
—0.0344

0.0

m/sec.2 In the bottom half of each figur-e, the total burn
time is plotted vs 1/a. Again the actual integrated values
can be compared with the first- and seconad-order analytical
computation. The straight line at the bo~ttom represents a
“zeroth order” calculation: the total AV clivided by a. In
this case, the results are accurate for still lo-wer values of a.
The value of the analytic method for predicting initial
guesses for the adjoint variables is shown by ~the example of the
697.6-day Earth-Jupiter case for a value of <@ = 1 (normalized
units). After 25 iterations the program f ailed to converge
using the impulsive adjoint. Convergence is obtained, how-
ever, in 13 iterations with first~order correcttions included and
in only 7 iterations with second-order corresctions. The run-
ning times were 6 min 9 sec, 2 min 18 sec, and 1 min 17 sec,
respectively. The additional computing time to perform

ACTU UAL

1 FIRST
ORDER
N
1.0 e IMPULSIVE
0.9 | 1 |
] . 2 3 4
— .U,
1.0 -
FIRST ORDER av
AND ACTUAL Sy
0.8 |- Pt
Pr
3 2l
< 06 v
T (4
5 i
=04 | z
=z
E
o 0.2
° 1 I L
0 Iy 2 3
E' nu

Fig. 6 Results for case III, Earth-Mamars Transfer, 258.9
days.

the analytic computations necessary to make the first- and
second-order corrections is only a fraction of one second on an
IBM 360/65 computer.

Summary

A method for caleulating estimates of the adjoint vector for
optimal space trajectories based on the impulsive case has
been developed. The method results in significant reductions
in computing time. Calculation of the estimate takes less
than one second of IBM 360/65 time.

This method is also capable of accurate predictions of finite-
thrust burn times, and therefore, provides a useful tool for
performing vehicle performance computations with almost
negligible computation time.

Appendix A
The primer magnitude p can be written

PP =N (A1)

Expanding the primer vector A = N@ 4 (1/a)A® 4 . and
substituting in Eq. (A1),

PP = N0+ (L/aA® + IO + (1/a\® + ]
Therefore

p =p® + (/a)p® + (1/a)p® + ...
where

PO = AO N/, pD) = NO.\D/p®

AO . \®@ 1 A® D2
p@ = T + 250 l:)\u).)\a) — <-—[)(T) il

Similarly
p = pO + (I/a)p® + (1/a®)p® + ...

where p®0 = (d/d)p®. Expanding p(?) in a Taylor series
about p(ty) = 1,

p() = 1+ pult — t) + B[t — t0)%/2]
Inverting this series using the fact that (¢ — £x) is small,

B = U/p(t) = b+ Fa(t — to) + Rel(t — 8)%/2] + ...
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where
=1 = U/ + (/e — p®) + ..
he = —p® + (1/a)@p® @ — ) + ..
he = 2P0 — B0 4
For brevity this is also written in the form

he = @ + (/)b + A/a®Hh® + ...

Appendix B

Consider the switch equation for the initial burn p(r1) = 1.
Expanding in Taylor series,

pL+ PiTL + ﬁ1(712/2) =1
Substituting the expansion in 1/a (with p,® = 1),
po=1+ Q/ap® + 1/adp® + ...

1 .
Z')l = 1')1(0) + l;pl(]) —|— ey ﬁl = i)1<0> +

and the expansion for 7y,
1= (1Y) + (1®/a?) + ...
and equating terms of like order,
Va: pi® + pOn® =0
1/a2: p® + pOr® -+ pOr D - $,O7,W2/2 =

An analogous procedure is followed for other burns.

Appendix C

In this appendix, an explicit expression for g [Eq. (47)] is
derived. The term § appears in the second-order equations
because the equations of motion are nonlinear [Eq. (1)]. By
definition

g = $AxT(QY/0at)dx, = FArT(d%/Orh)Ar

Since Ar is always of order 1/a, ¢ is always of order 1/a27 The
second-order terms of g are given by

¢ = 327/ 0u)z
The vector q is defined as

_ tr

7= [ etnumir (D)
The elements of g can be rewritten

t
g =% fol O H_0gOdy

where the matrix

H® = (0%/02%) (¥ -f)
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and Y® is the kth row of ®(#,£).
This expression can be further simplified using the relation
z® (1) = PGz V(™)

n
g = % Z Az VTQD Az, (C2)
k=1
where

Qo = ft :’”‘ BT 1) H o OB (1 ) (C3)

The form (C2) assumes that z(®(0) = 0.

The vector ¥ is the difference to the first order between
impulsive and finite-thrust trajectories. From Egs. (19-21)
and (37) the change in 2 over an impulse is

Aﬁ(f}c) = Ik(l)l//k = JM(T)C@) + ’T’k(l)hk(l)) +
(ME® + N)AbDr,0

Note that there is a position displacement as well as a velocity
impulse since N appears.

It is also shown in Ref. 7 that for an inverse square gravita-
tional field Q@@ can be evaluated analytically. Furthermore,
the error resulting from ignoring the integral (C1) over the
thrust interval is of order 1/a%. A similar analysis shows that
the integral (C3) can be taken from £ to £+ instead of &1 to
tx+1~ with an error of order 1/a?.

References

L Lawden, D. F., Optimal Trajectories for Space Navigation,
Butterworths, London, 1962.

2 Neustadt, L. W., “A General Theory of Minimum Fuel Space
Trajectories,” SIAM Journal on Control, Vol. 3, No. 2, 1965, pp.
317-356.

3 Pines, 8., “Constants of the Motion for Optimal Thrust Tra-
jectories in a Central Force Field,” ATAA Journal, Vol. 2, No. 11,
Nov. 1964, pp. 2010-2014.

4 Handelsman, M., “Optimal Free Space Fixed Thrust Tra-
jectories Using Impulsive Trajectories as Starting Iteratives,”
AIAA Journal, Vol. 4, No. 6, June 1966, pp. 1077-1082.

5 Lion, P. M. and Handelsman, M., “The Primer Vector on
Fixed Time Impulsive Trajectories,”” AIAA Journal, Vol. 6, No.
1, Jan. 1968, pp. 127-132.

6 Minkoff, M. and Lion, P. M., “Optimal Multi-Impulse
Rendezvous Trajectories,” paper presented at XIX TAF Con-
gress, New York, Oct. 1968; AD143.

7 Hazelrigg, G. A., “An Analytic Study of Multi-Burn Space
Trajectories,” Ph.D. thesis, Sept. 1968, Princeton Univ., Prince-
ton, N. J.

8 Potter, J. E. and Stern, R. E., “Optimization of Midcourse
Velocity Corrections,” Proceedings of the IFAC Symposium,
Stavaugh, Norway, Plenum, New York, 1965. -

¢ Lion, P. M., Campbell, J. H., and Schulzycki, A. B., “TOP-
CAT—Trajectory Optimization Program Comparing Advanced
Technologies,” Aerospace Engineering Report 717s, March
1968, Princeton University, Princeton, N. J.



